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Abstract. For any Inonii-Wigner contraction of a three dimensional Lie algebra 
we construct the corresponding contractions of representations. Our method is 
quite canonical in the sense that in all cases we deal with realizations of the 
representations on some spaces of functions; we contract the differential operators 
on those spaces along with the representation spaces themselves by taking certain 
pointwise limit of functions. We call such contractions strong contractions. We 
show that this pointwise limit gives rise to a direct limit space. Many of these 
contractions are new and in other examples we give a different proof. 



PACS numbers: 02.20.Qs, 02.20.Sv 

1. Introduction 

In this paper we obtain contractions of Lie algebra representations for all the proper [1] 
Inonii-Wigner contractions (IW-contractions) [21 [3] of three dimensional Lie algebras. 
More precisely, if a three dimensional Lie algebra Go is a contraction of Q then for 
any irreducible representation 77 of Go that comes from some unitary representation 
of the corresponding Lie group we find a family of representations of G that contract 
to rj. We do not consider the rather trivial case of one dimensional representations. 
Some contractions of representations of three dimensional Lie algebras were obtained 
in e.g., H li [7]. More examples can be found by e.g., il [TOl [H [12] . We 
present a systematic and unified approach to contraction of the representations of the 
three dimensional Lie algebras. Some of the contractions that we obtain are new and 
in the other cases we present a new proof. The type of convergence that we obtain is 
as follows. We start with a sequence of functions {fn{x)}'^^Q that converges to f{x) 
pointwise and in norm. For a sequence of differential operators {pn}^Q we get 

Pn{fn{x)) converges to poo(/(a;)) (1) 

where poo is some differential operator on our space and the convergence is pointwise 
and in norm. We call such contractions strong contractions of representations. 
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It seems that the strong contraction procedure, as it is based on representations 
that are reahzed on some functions spaces, possess a geometrical interpretation. It 
is possible to think of contraction as a process of flattening a curved space. On the 
level of Lie algebras this is reflected by the fact that after contraction we get a more 
abelian Lie algebra. When the group or the symmetric space is contracted we get a 
flatter space (See [SI [131 [14]). On the other hand, when contracting the representation 
spaces using limits of matrix elements it is very difficult to see the flattening procedure 
or how the limiting parameter makes the spaces more flat. Contracting using differ- 
ential operators reveals the flattening procedure. To illustrate this point we consider 
the famous contraction of Inonii and Wigner contracting representations of su(2) 
into a representation of iso{2). The contraction process takes a series of finite dimen- 
sional representations of increasing dimension and "contracts" them into an infinite 
dimensional representation of iso(2). It is not clear why the resulting representation 
is more "flat" than the series from which it is obtained. On the other hand, consider 
the following "strong contraction" of the same representations. We realize the finite 
dimensional representation of dimension 2Z -t- 1 as the space of spherical functions of 
degree I spanned by the spherical harmonics Y^™. These can be thought of as functions 
of the angular coordinates {0,(p). We can identify a point on the sphere with a point 
on the disk with radius 9 and angle if. We dilate the disk by I by multiplying the 9 
coordinate by I to obtain the coordinates {19, (p). Applying the same transformation 
to the Fj™ we get functions on a disk of radius In (or a sphere of radius I). Letting 
I go to infinity we obtain a limit of functions on increasing size disks or spheres thus 
obtaining a function on a fiat space (the Euclidean plane). We show (subsection 15. 7p 
that such a limit exists and induces the same contraction considered by Inonii and 
Wigner. Our construction illustrates the geometric effect of the parameter I as a con- 
traction parameter. 

The strong contraction approach allowed us to obtain many new contractions. 
For a list of those see 16.31 

Our paper is divided as follows: In the next section we recall the definition for 
contraction of Lie algebras. In section [3| we give a definition for strong contraction 
of Lie algebra representations. In section [4| we list all the three dimensional real 
Lie algebras and their proper IW-contractions. In section [5] we give explicitly all 
contractions of Lie algebra representations for each proper IW-contraction of a real 
three dimensional Lie algebra. In the appendix we review briefly the notion of direct 
limit in the category of inner product spaces and give a definition for contraction of 
Lie algebra representations in terms of direct limit. We show that a strong contraction 
for which we also have a compatible family of bases gives a contraction by means of 
convergence of matrix elements. 

2. Preliminaries 

Roughly speaking contraction of a Lie algebra/group is the process of obtaining one 
Lie algebra/group as some kind of limit from another Lie algebra/group. The first 
to investigate such kind of limits was Segal [ISj in 1951. He was motivated by the 
fact that quite often one physical theory approximates or tends under some limit to 
another physical theory. His idea was that if two theories (e.g., relativistic and classical 
mechanics) are related by a limiting process, then the associated Lie groups/ algebras 
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(e.g., Poincare and Galilei groups) should also be related by some limiting process. 
This idea was studied further in 1953 by Inonii and Wigner [H [3] who introduced the 
so-called Inonii- Wigner contractions (IW-contractions). In 1961 Saletan FT^ defined a 
contraction of Lie algebras and the IW-contractions are special cases of his definition. 
We now give the formal definition for contraction of Lie algebras using notations that 
are similar to those of Weimar- Woods [T| . 

Definition 1 Let Q — {U, [_,_]) be a Lie algebra with an underlying vector space U 
and a Lie bracket [_,_]. For every e G (0,1] let t^ : U — > U be an invertible linear 
transformation. If for every X^Y d U 

Irni t:\UX) MY)]) (2) 

e S-0+ 

exists we will denote it by [X,Y]o- In this case Qq = (U, [_, -]o) '-s a Lie algebra and 
we call Qo the contraction of Q by t^ and we write Q ^ Qq. 

If there are bases for U such that the matrix that represents t^ relative to those bases is 
of the form diag{l, 1...1, e, e, ...e) then the contraction is called a simple IW-contraction 
or just an IW-contraction. 

There is an analogous definition for the case that the limit ([2]) is meaningful only on 
a sequence {en}^Q which converges to zero when n — > oo. 

Definition 2 Let Q = ([/, [_,_]) be a Lie algebra with an underlying vector space U 
and a Lie bracket [_, _] . For every n ^ N let tn '■ U — 5- U be an invertible linear 
transformation. If for every X,Y U 

lim t-\[t,,{X),t,,{Y)]) (3) 

n — >oo 

exists we will denote it by [X,Y]oc. In this case Qoa = (U, [_, _]oo) is a Lie algebra and 
we call Qao the sequential contraction of Q by t„ and we write Q ^ Qoo . We sometimes 
call a sequential contraction just a contraction. By abuse of notation we sometimes 
denote Qoo also by Qq. 

Specific examples of contractions of Lie algebras can be found for example in 
[21 [3 [TBI [E] ■ For generalizations of IW-contractions see for example [HI [19] . 

3. Contraction of representations as pointwise Umit. 

In the discrete case, i.e., when Q *^ Qoo and we consider a sequence of representations 
of Q, our setting is as follows. For each n G N let X„ be a set such that Xn+i ^ Xn. 
Let Vn be an inner product subspace of L^(Xn, dfin) where ^„ is a (positive) measure 
on Xn. Suppose that for every m,n G N such that n > m we have an isometric 
embedding ipmn ■ Vm — > Vn and assume that the embeddings are compatible in the 
following sense; ifnk ° ^mn — y^mk for any m,n,k 6 N such that m < n < k. Let 
X = [j'^^iXn, and let V be an inner product subspace of L^{X,dfi) where /x is a 
(positive) measure on X. 

Definition 3 In the above setting suppose Q \ QoQ ^i^d {(p^, V^)}^^^^ is a sequence 
of representations of Q. A representation rj : Q^o — ^ 5'(^) called the strong 
contraction of the sequence of representations {(Pn,Ki)}„gN with respect to the 

contraction Q ^ Qoo? cmd we denote it by pn rj, if the following conditions hold: 
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(i) For any TOq G N any f G Vmo o-nd any x G X, the pointwise limit, 
lim„ J.OO fmonif){x) exists and defines a function in V which we denote by L{f). 

(ii) For every F there exists a function f in some Vmo such that L(f) = F. 

(Hi) L preserves the inner products in the following sense: for every /, 5 G Vmo we 
have W),L{g)) = {f,g)„^^. 

(iv) For every f G Vmo, Y ^ U the sequence L{pn(t^^{Y))ip„Lon{f)) converge pointwise 
and in norm to r]{Y)L{f) i.e., for every x €z X 

lim L(p„(t,„(r))^„„„(/))(x) -r;(r)i(/)(a;) 

n — >oo 

and 

lim \\Lipr,{t,^{Y))^mon{f)) - v(Y)L{f)\\ = 

n ^00 

Remark 1. 

• Since all the ipmn oltc compatible isometric embeddings we can rewrite condition 
(Hi) in the following way: for every f G Vmo, 9 6 ^0 have 
{L{f),L{g)) = \imk-^oo {^mok{f),'Pnok{g))k- fact this is a limit of a 
constant sequence since for any k > M = max {mo, no}, {Vmak{f),'^nok{g)) ^ — 

{(pMk O ^rnoMif),VMk O </'noAf(g))fc = {VmoM if) , VnoM (g)) m ■ 

• One can easily show that under the assumptions of the above definition the inner 
product space V is the direct limit (see appendix) of the inner product spaces 

• In all the cases that we will consider Vn and V are dense subspaces o/L^(X„, (i/i„) 
and L^{X,dp,), respectively. 



In the continuous case, i.e., when the contraction parameter varies in (0, 1] and 
we consider a family of representations of Q, our setting is as follows. Let {X^l^g^p ^ 
be a family of sets such that for €2 > ci in (0, 1], X^^ C X^^. As in the discrete case 
we have a family of inner product spaces V^ C L?[X^,diJ.t) and whenever £2, ei G (0, 1] 
satisfy £2 > ei we have an isometric embeddings ^t2,ei ■ — ^ K^i and assume 
that these embeddings are compatible in the following sense; ^Pe^ck ° fe^a^ — fe^ek 
for any em,e„,efe G (0,1] such that e,„ > e„ > et- We set X = [j^^^^^^^^ X^, and 
let V be an inner product subspace of L^{X,dp) where /i is some (positive) measure 

on X. Suppose Q ^ Qq and {{pe,Ve)}^^(^Q ^ is a family of representations of Q. 
A representation 77 : Qq — > gl{^) is called the strong contraction of the family of 
representations {{pe, V'c)}fg(o 1] '^i^h respect to the contraction Q ^ Qq and we denote 

it by pe 77 if analogous conditions to those in definition [3] hold where instead of 
taking the limit n — > 00 we take e — > 0^. 
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4. The IW-contractions of the real three dimensional Lie algebras 

In this section we list all the real three dimensional Lie algebras (up to an isomorphism) 
and following Conatser [20] we give the graph of their proper IW-contractions. 

Table 1. List of all the three dimensional real Lie algebras is given by specifying 
the non vanishing commutation relations between the elements of the basis 
Xl,X2,X3. 

Our notation Conatser's notation Commutation relations 



ob 




U-] 


= 




[) (Heisenberg) 






X2] 




ea 


Cs 


[X, 


Xi] 


= Xi 


0(A), A e R* 




[X3 


Xi] 


= Xi, [X3,X2] = \X2 


c 


C5 


[X3 


Xi] 


— Xi, [X3, X2] = Xi + X2 


[(A), A e M 




[X3 
[X3 


Xi] 

X2] 


= X2 + A^i 

= ^Xi + \X2 


su{2) 


C7 


[Xi 

[X2 

[X3 


X2] 
X3] 

Xi] 


= X3 

= Xi 

^X2 


5^2 (R) 


Cs 


[Xi 

[X2 

[X3 


X2] 
X3] 

Xi] 


^X3 
^-X2 



Figure 1. Graph of all the proper simple IW-contractions of real three 
dimensional Lie algebras. 




One should note that 0(— 1) = iso(l,l) and that [(0) = iso{2). For more 
information on low-dimensional Lie algebras and their contractions see for example 
Him [12 [231 [24]. 

5. Contraction of Lie algebra representations for the real three 
dimensional Lie algebras 

In this section for every arrow in figure 1 we give explicitly a contraction of the 
corresponding Lie algebras. These contractions are essentially due to Conatser |20j . 
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Then for every proper IW-contraction of three dimensional real Lie algebras, Q ^ Go 
we will specify all (except for the one dimensional ones) the skew hermitian irreducible 
integrable representations (SHIIR) of Qq. Next for every such a representation rj of Qo 
we will find a family of representations of Q that strongly contract to it. We always 
start with some family of SHIIR of G and then after intertwining it correctly in an e 
dependent manner we obtain a suitable family that does strongly contract to rj. 
An important ingredient in our procedure is choosing the suitable realization for each 
of the SHIIR that takes part in the above contractions. Many of these SHIIR are 
obtained naturally by Mackey's method [2F for semidirect product groups, since every 
Lie algebra Gq which is an IW-contraction corresponds to a semidirect Lie group. In 
most of the other cases we take the appropriate realizations of the SHIRR from 
In the rest of this section we will denote the interval (0, 1] by Ii. 



5.1. The contraction: ea — > [} 
Set Q — ea. The maps 

: ea — > ea (4) 

realize the contraction of the Lie algebra and lead to the limit Lie algebra with 
bracket given by [X3, Xi + ^2)0 = X2 which induce the isomorphism 

V' : 00 ^ f) (5) 

4>{Xi + X2) = xl 

Using the Mackey machine one can show that by running over all ^ G M* , the maps 
r,\:h^gl{Ll'^{R,dx)) (6) 
V\{X\)^^A 
l^\(,X\)^^Ax 

exhaust all the SHIIR of f) where L^'°°(R, dx) stands for the inner product space of 
compactly supported smooth functions on R that are square integrable relative to 
the Lebesgue measure. Using Mackey machine again it can be shown that for every 

(a, &) e R X K* the map 

P^a%):ea-^.g?(L^^-(R+,^)) (7) 
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is a SHIIR where L^'°°(R+, ^) stands for the inner product space of compactly sup- 
ported smooth functions on IR+ that are square integrable relative to the measure ^ . 

For every e e h let be Ll'°°{R,dx). We define a function : R — ^ R+ by 
ip,{x) = e-'^. We note that P, : Ll'°°(R+, ^) — > V, which is given by P,(/) = foij;, 
is an isomorphism. Its inverse is given by P^^{f ) — f o •ip~^ . For each e e /i we 
intertwine 7^^^° with to get the equivalent representation given by: 

p\Im ■■ ea gim (8) 
PVaMiXn = P. o pll,^{Xr) o P-I = z6e— 

P(a%,.)(^2°) - ° P(a%)(^r) ° = 

For ei,ej £ /i such that < we define the linear isometry ipa^cj ■ Ve- — > V^- to be 
the identity map. 

Proposition 1 Let a(e) = ^,6(e) = Then rj\ is the strong contraction of 

the family of representations ^(^("(g) g), V'e)| with respect to the contraction 

ea — > q. 

proof Let V be L^'°°(R, dx). Since the embeddings (p^.^j are the identity map 
they are obviously compatible and satisfy conditions {i,ii) and (iii) in definition |3] 
and also L{f) = f for every f{x) S L^'°°(K, dx). For condition (iv) we observe that 
for f eVe,^ Ll^"°{R, dx) we have: 

^hm^L(p^»(,),,(,)^,)(te(X3-))^,,J)(x) = (9) 

^ hm^ i^^(e),Ke),.)(^.(^r + ^r))^.,e/)(a:) = (10) 

hm + = hm z(6(e)e— + a(e))/(x) = 

lim - ex) + = iAx/fx) = iAxL(f)(x) = 

e — >-o+ e e 

lim = lim^ = lini z6(-)/(x) = 

The above pointwise limit can be shown to be a uniform limit due to the compactness 
of the support of / and this implies that we also have the desired convergence in norm. 
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5.2. The contraction: iso{2) — > I) 
Set Q = iso{2). The maps 

te : iso{2) — > iso{2) (12) 

realize the contraction of the Lie algebra and lead to [X3, Xi]o = X2 which induce the 
isomorphism 

V' : 00 ^ f) (13) 

V'(xr''^) -X2^ 

i;{Xr^'^)=Xl 

Using the Mackey machine one can show that for every (ri,r2) G such that 
fi+rl T^O the map 

: iso{2) gl{Ll''-{[-n, tt], dx)) (14) 

iso(2) /Tri«o(2)\ •/ • 1 \ 

'^(ri.rsV^i ) = «(nsma; + r2Cosa;) 
''(ri,r2)(^2 ) =«(ricosa;-r2sma;) 



iso{2) fyiso{2)-. 

-2,< 
^0 



d_ 

dx 



IS a SHllR, where Lo'°°([ — TT. tt]. (ix) stands for the inner product space of smooth 



functions on [— tt, tt] with the standard inner product and such that for all fc G No 
/W(±7r) = 0. In fact, these are all the SHIIR of iso{2) except for the one dimensional 
ones. For every e G /i let Ve be the inner product space L'^'°°{[—^,^],dx) and 
we define the function '■ [—7) 7] — > [— ""j'"'] by tpe{x) = ex. We note that 
Pe : LQ'°°{[—Tr, tt], da;) — >■ which is given by Pe{f) = f ° ipe, is an isomorphism. Its 
inverse is given by P~^{f) = / o ip~^. For e^, ej G Ii such that > ej we define 
the linear transformation <Pei,ej '■ — ^ to be the inclusion map that is defined 
as follows: for any / G K,, (fei,eAf)(^) = /(^) a; G f-] and ipei,ej{f){x) = 

for x G [—7-, 7-]\[— 7-) f-]- This function obviously preserves the inner product and 

satisfies the compatibility condition. For each e G /i we intertwine P(ri^r]) ^i^^ to 

get the equivalent representation P(ri*^r2 e) gi'^^'^ by: 

/'?S,e):^««(2)^5K^^e) (15) 

P;::S,e)(^i^°^'^) = ° P?:S)(^r^'^) ° = iin s^ex + r^ cosex) 
4"3l)iXr^"^) = Pe o PTZ^Xr^"^) ° Pr' = co.ex - r^s^ex) 
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Proposition 2 Let ri(e) = 4' '"2(e) — 0. Then r/^ is the strong contraction of 
the family of representations |(P(r°(e) r2(e) e)' ^'^)} with respect to the contraction 
iso{2) %^ t). 

proof Let V be Ll'°°{R,dx). For every / e V„ L{f){x) = f{x) for x e [-f , f ] and 
zero otherwise. It is easy to see that(i), (m) and {ii) of definition [3] are satisfied. For 
{iv) we observe tliat for / £ and a; in the support of / we have: 

\m,^^L{pl°^fl^^^^^^^^^^^ (16) 

e — >o+ e ax ax 
v\i^iXr^'^))Lif){x) 

^ hm^ L(p;°g; ,,^(^)^^)(t,(Xr''^))(^.„,.(/))(x) = (17) 
lim z-sin(ex)/(a;) = tAxf{x) = iAxL{f){x) = rll,{^{Xl'°^^^))L{f){x) 

e ^0+ e 

^ hm^ L(p-°g ,,^(^)^^)(t,(Xr('^))^.„,.(/))(x) = (18) 
lini ,,(^cos(ea;)(/))(x) = ^A/(a;) = z^i(/) = r;^(V.(Xr*')))i(/)(a:) 

e !-0+ e 

The above pointwise limit can be shown to be a uniform limit due to the 
compactness of the support of / and this implies that we also have the desired 
convergence in norm. 

Remark 2. Since the support of any Hermite function is not compact the canonical 
basis for the representations of the Heisenberg Lie algebra which consists of Hermite 
functions does not belong to our limit space. It seems that one can not find a compatible 
(see appendix) family of bases such that the matrix elements of these bases converge 
under contraction to those of the canonical basis. 

5.3. The contraction: q{X)\^i — > f) 
Set Q ~ fl(A)A^i. The maps 

t, : g(A) fl(A) (19) 

t.ixf^'^) = e{l - X)Xf^^^ 
t,{xf^^ + X|(^^) = Xf^^^ + 
t,{Xl^^^) = eXf^^ 

realize the contraction of the Lie algebra and lead to [X3,Xi + X2]o = Xi which 
induce the isomorphism 

^■■Go^i) (20) 

^P{xf^^) = Xj' 

i:{xf^^ + xl^^^)^xl 

i:ixl^'^)^x^. 
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Using the Mackey machine one can show that for every a, 6 G M such that 
the map 



0(K 

P(a,b 



P(a,b 



0(A) 



l,dx)) 



10 
(21) 





= iae 


3(A) ^1 


= ibe- 


3(A)>| 


d 




dx 



is a SHIIR. In fact for every real value of A these are all the SHIIR of 0(A) except 
for the one dimensional ones. For every e G /i let be the inner product space 
L^'°°(R,cix) and we define a function il)^ : R — > M by i^tix) = ex. We note that 
Pe : L^'°°(R,(ix) — > Ve which is given by Pe(/) — f o ijj^ \s an isomorphism. Its 
inverse P^^ is given by P^^{J) — f o For each e G /i and (a, 6) G K x M* we 

given by: 



intertwine with to get the equivalent representation p^l^^ ^ 



fl(A) 
f{a,b,e 



0(A) gl{V,) 



(22) 



3(A)x 



oP-^ = iae" 



^b(a) 



b(a) , 



^^3(A)^ 



,B(A) 

{a.b,e 



.{xD 



(A)n _ 



p-1 _ 1 



For ei,ej G Ii such that < we define the linear isometry fei,ej 
the identity map. These maps are obviously compatible. 



V:, to be 



Proposition 3 Let a{e) — , H^) 

of the family of representations | (p^^ 



(A) 



j^j4:jy. Then ri\ is the strong contraction 
V"c) \ with respect to the contraction 



The proof is similar to that of proposition [T] 

5.4. The contraction: — > f) 
Set Q — The maps 



U : [(A) - 


-^[(A) 


(23) 


ie(Xf)) 












u{xr') 







realize the contraction of the Lie algebra and lead to Xi]o = X2 which induce the 
isomorphism 



(24) 



^b(a) 

^B(A)^ 



X 



b(a)x 



= X,' 



^3^ 



Contraction of representations 11 

Using the Mackey machine one can show that for every a, 6 G M such that + 6^ ^ 
the map 

p[%:l{X)^9l{Ll^°°{^,dx)) (25) 
P[% (^1^^ ) = cos X + ibe^"" sin x 
P^{al)(^2^^) = -iae^"'smx + ibe^'=cosx 
1(A) (yiW-. _ d. 

is a SHIIR. Using the same intertwiner as in the contraction q{X)x^i — > f) we obtain 
the equivalent representation p^^^^^ given by: 

P{al e) (^1^^ ) = cos ex + ibe^''= sin ex (26) 

P{al.e)i^2^^) ^ -«ae^" sinea; + ibe^''-" cos ex 

1(A) /yl(A)x _ 1 

We define isometric embeddings as in the case of g{X)x^i — > i). 

Proposition 4 Let a{e) — 0,b{e) — ^. Then rj^ is the strong contraction of 
the family of representations |(P(a'(e) &(e) e)' ^f)} with respect to the contraction 

The proof is similar to that of proposition [T] 

5.5. The contraction: c — > f) 

Set Q — c. The maps 

t,:c — ^ c (27) 
t,{X{)=eX{ 

t,{Xl)=eXl 

reahze the contraction of the Lie algebra and lead to [X3, X2]o = Xi which induce the 
isomorphism 

V' : 00 ^ f) (28) 
^{X{) = x1 



^(^2) = X 



^{X^) = xl 

Using the Mackey machine one can show that for every a, 6 G R such that + 6^ 7^ 
the map 

pl.,y.c^gliLl^^{R,dx)) (29) 

PUbM^)=^ae- 
PUb){X'2)^iae^x + ibe'' 

P(a.f,)(^3) = ^ 
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is a SHIIR and in fact these are all its SHIIR except for the one dimensional ones. 
Using the same intertwiner as in the contraction q{X)x^i — > f) we obtain the 
equivalent representation given by: 

PiaM C — > gliVe) (30) 

P(a,M)(^2) = ° Pia.M^2) ° ^e"' = ^Oe^eX + zbe^^ 
P(a,M)(^3) = P^ ° P(a,fc)(^3) ° ^e"' = 

We define isometric embeddings as in the case of g{X)x^i — > [). 

Proposition 5 Let a(e) = ^,b{e) = 0. T/ien 7]J^ is the strong contraction of the 
family of representations |(P(q(j-) f,(j) e)' ^f) } with respect to the contraction c ^ i). 
The proof is similar to that of proposition [1] 

5.6. The contraction: c — fl(l) 
Set G = c. The maps 

t,:c — >c (31) 

t,{X^)=eX^ 

realize the contraction of the Lie algebra and lead to [X3,Xi]o — Xi, [X3,X2]o — X2 
which induce the isomorphism 



^■■Go^ 0(1) 


(32) 


mi) = xf'^ 




^2) = xf'^ 




mi)^xf^ 





Let Fe and (/3ej,ej be as in the contraction — > F). 

Proposition 6 Let a{e) — a,b{e) — ^. Then P^(^l^ is the strong contraction of 
the family of representations |(P(a(e) b(c))' ^«)| with respect to the contraction 
c ^ 0(1). 

The proof is similar to that of proposition [1] 
5.7. The contraction: su{2) — > iso{2) 



(33) 



Set G = su{2). The maps 




t^ : su{2) ' 


su{2) 


te(xr''^) 


= exr^'^ 




= eX^"^^'> 


t.(^l"''^) 


- -^3 
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realize the contraction of the Lie algebra and lead to [X^, Xi]q = X2, [X^, X2]o — —Xi 
which induce the isomorphism 

^p-.Go^ iso{2) (34) 

For every I E Nq let H/ be the space of spherical harmonics of degree I with the inner 
product 



{f,g)= / fi9,M0,^m + l)sm{9)d9dip 
Jo Jo 

For any such I the map 

pp^') : sui2) gliWi) (35) 

s«(2)/^s«(2)n . ^ , ^ 

p, {X-: ) — sm(p hcott^cost^ — 

a9 dip 

su(2) ( vsu(2)~. d d 

p, ^ ' (A, ) = — cos if — + cot sm if— 
' ^ dQ dip 

^ - 'd^ 

is a SHIIR '2^. For every e G (0,oo) we define the e-deformed disc to be = 
[0, f ) X [0,27r). We also define a bijection ^/;, : — > Sf by ipe{0,ip) = ie9,ip). For 
every I G N and every e G (0, 00) we define IHI(; to be the space of spherical harmonics 
on which is defined to be the image of H; under the map that takes / £ HI; to 
f o tp^ and we endowed ^(i^e) with an inner product which is defined by 

(/, 9)(ie)= I f' f{S, v)W^i2l + 1) M^9)ed9d^ 
Jo Jo 

One can easily check that Pj is an isomorphism of vector spaces. The functions 
X™ (6*, ip) = Y["{e9, (p) where m is ranging over —I, —I + 1, ...I and Y/^{9, (p) are the 
spherical harmonics (we use the convention of [53]) form a basis for H(; ^-j. For each 

e G (0, 00) we intertwine pp''^'' with to get the equivalent representation p^^^^^ 
given by: 

pgj) : su{2) — > g?(H(;,,)) (36) 

su{2) , ^su{2). • 1 , ; /) 

The action of the generators on the basis element (6*, (p, ) is given by: 

^sum^Xr^2)^xZ = \W{l + m)(l-m+l)x'i:-' (37) 
^{l-m){l + m^l)xT,^') 
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For every < i? G M wc define ef = f . Let Vi be the inner product space H^; ^j?.-) 
and for i,j £ No such that i < j we define ipij : Vi — > Vj to be the linear map that 
satisfies ipij{x'" r) = ^fiij are compatible isometric injections. We now give a 

realization of the SHIIR of iso(2) which is taken from [26] and is more suitable for 

the contraction su{2) iso{2). For every 7^ i? G M let flfj be the the subspace of 
L'^'°°{R'^,dx) which has the basis {B^{r,ip) = (i)'"' Jm{Rr)e'""f\m G Z}. On VIr the 
SHIIR of iso{2) in polar coordinates is given by: 

r;j|°(^) : tso{2) gliQi,) (38) 



iso(2) /^iso(2)^ . d COSip d 

Vr [X2 ') = - sm(p 



dr r dip 

d 

3 ^ '^-"d^ 



iso{2 



We remark that the representation rjj^ is equivalent to every one of the 
representations p'^^aX) ^^^^ a'^ + = R^. The action of the generators on the basis 
element B^{r, (p) is given by: 

v7^"\xr'"^)B^^ = ~fiB^.+i + (39) 



iction of 



Proposition 7 rj^^^^ is the strong contraction of the family of representations 



|(P("gH)j^)| with respect to the contraction su{2) ^-^-^ iso{2). 
proof Let V be Qr. We observe that for X™^^ G 1^ we have 

LiXn.eM = , lim VnAxZn){e, if) - lim x^-iO, = (40) 

hm Yr{j9,ip) = (*)'"J,„(i?0)e-""'^ = B^.^{9,p) 
I — ^00 i 

where Jm is the Bessel function of order m and we have used the asymptotic expansion 
of the spherical harmonics (See page 229 of [26]). Hence [i) and {ii) of definition |3] 
hold. Next for any x™efi € ^ and Xk c« ^ ^fc '^^ have 

(l(x™,h), ^(x^,,^)) = (S?™, B^.) = 5n.s ^ (41) 

for />max{A,',n} 

<Pn,i(x"eH),¥'/c,i(Xfc,,H))„ H = 1™ (¥'«,i(x"e«)>Vfc,i(Xfc,,f)),, 
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where we have used the fact that the embeddings (pni preserve the inner product and 
are compatible. This impHes that (Hi) of definition [3] holds. We can also write (|^T|) 
in integral form as: 

r27v poo 

{~i)-'^J-,n{Re)e-''^'^{-i)-'J-s{RO)e-''^ededif = (42) 



^0 

27r POO 



pZTT POO D D 

Jo Jo ' — '■ ' — ' 



lim 

/ — yoo 



It; 



,R. 



,R. 



,R. 



10 Jo 

For every xITcR ^ we have 



Yrij0, f)YC{-6, ip){2l + 1) sin 



lim L 



(43) 



mi 



lim lim 

I ^oo k )-oo 



Ri 



lim ,lim -^Wil + m){l - m + l)x":J{e, v) + Vil -m)il + m+ l)x™+i(0, ^)), 



/ ^oo >-oo 



Hence we have the desired pointwise convergence. We note that instead of taking both 
limits in (j43p we can set k = I and take just one limit which is I — > oo and we can 
rewrite (j43p in the following illuminating way: 



R/ Id ,R„-,. d R 



(44) 



'''''' M 

iso(2) I 



sin if d 

e d^ 



(i)™J„,(i?0)e- 



= 7j'P'> (V'(Xf ) ) (z)™ J„, (i?0)e-""'^ 

From the above we see that as we contract i.e., as we take the limit, the differential 
operators that act on the spherical harmonics along with the spherical harmonics 
themselves deform into differential operators that act on Bessel functions and into 
Bessel functions, respectively. For convergence in norm we look at: 

(p^j) (i,..(xr(2)))^„,Kx::::.j)) - ^r''^(^(^r*'^))^(x™.j)|f(45) 



l^OO 
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where we have used and the fact that (^B^^,Bf^ = 5ms- Similarly we can prove 

these convergences for Xl^'^'^\ X^^'^'^\ Contraction of representations of su{2) to those 
of iso{2) was considered before for example by Inonii and Wigner [21 which used a 
different method. 



5.8. The contraction: 5^2 (K) — > iso{2) 

(46) 



Set g = shiR 


.). The maps 






t, : shm 


— > shiR 


















- -^3 



realize the contraction of the Lie algebra and lead to [X3, Xi]q = X2, [X^, X2\o ~ —Xi 
which induce the isomorphism 

ip-.Go^ 180(2) (47) 

For every r G M the map 

: shm gliL^-°^i{^TT, vr], dx)) (48) 



Prt (-'^1 ) = — (ir ± -) cosx + sma; — 

2 ax 

sh(R) f v^h(R)\ /• I -'-\ ■ , ^ 

(A, ') = (ir ± -) smx + cosx— 
2 ax 



Pr± 1-^3 i 



dx 

is a SHIIR [26]. This SHIIR corresponds in the level of the group to the so called 
principal unitary series representation of SU{1, 1) = SL2{R) . 



For every e G /i let be the inner product space i^'°°([— tt, tt], dx). For e^, G /i 
such that > ej we define the linear transformation (/Se-.e^ : V^^ — 5- V^- to be the 
identity. ^ei,ej preserve the inner product and they are compatible. 

Proposition 8 Let r(e) ~ Then P^Q°^^j regarded as a representation 

on L^'°°([— TT, tt], dx) is the strong contraction of the family of representations 
|(p^'^^^*\ Ve)| with respect to the contraction s/2(R) ^ iso{2). 

The proof is similar to that of proposition [1] 

Contractions of representations of s/2(K) to those of iso(2) were considered before for 
example by Celeghini and Tarlini [3] which used a different method. 
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5.9. The contraction: 5/2 (R) — > i) 
Set g = shiR). The maps 

t, : shiM.) shiR) (49) 

^ \ 2 3/2 3 

realize the contraction of the Lie algebra and lead to [X2,X2 + X3]o = Xi which 
induce the isomorphism 

^-.Go^h (50) 
V'(xf « + «) = x^' 

For every e G /i let be the inner product space Lq'°°([— -, -], dx) and we 
define the function tpf^ : [—7,7] — !• [— tt, tt] by ipe{x) — ex. We note that 
Pe : Lq'°°([— TT, tt], dx) — > which is given by Pe{f) = / o V'e, is an isomorphism. Its 
inverse is given by P~^{f) = / o ipT^- For each e e /i we intertwine p*'!*''^-' with 
Pe to get the equivalent representation 





5 : 5^2(1 


^) gliV,) 


(51) 




,e)(^l 


) = — (ir ) cos ex + smex 

2 edx 






R) J-Jj-s'2(I 


i)n 1. . , Id 

) = (zr j smex + cos ex — — 

2 e dx 






R) C VS'2(I 
,€) N 3 


^)) = -lA 
e dx 





For ei, ej G /i such that e^ > Cj we define the linear transformation e : V^. — \ Ve- 
to be the inclusion map that is defined as follows: for any / £ V^., (fei,e \f ){x) = /(x) 
for X G [-^7,^7] and ^. (/)(x) = for x G [-^, ^]\[-^/^]. ^These functions 
obviously preserve the inner product and are compatible. 

Proposition 9 Let r(e) — ^ . Then ri\ is the strong contraction of the family of 

representations |(/3(^^([*1 e)j Ki)| with respect to the contraction shiR) f), where 

we regard p^'^^^^l as a representation on Lq'°°{[—j, j],dx). 

The proof is similar to that of proposition [2] 

Contraction of the discrete series representation of s/2(R) to the representations 
of f) was considered before by Barut and Girardello [B] which used a different method. 

5.10. The contraction: sl2(R) — > iso(l,l) 
Set g — (K). We will work with the basis 

XShiR) _ J^S'2(R) _ J^si2(R) ysi2(R) _ ^si2(R) _|_ j^si2(R) jjshiR) _ 2j^s'2(R) 
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In this basis the commutation relations are given by 

^fjshm ^ -^shiSL)^ ^ 2X^^^^^^ (52) 

j^s/2(R) ys/2(R)j ^ _2F*'2(K) 

The maps 

te:s/2(M) — ^s/2(M) (53) 

^^j-ys/2(R) _ J^S/2(R)) ^ g(ysi2(R) _ J(-S/2(R)-J 

, (TTsl2{R)\ ^ irrshm 

reahze the contraction of the Lie algebra and lead to [H,X]q — X, [H,Y — X]q = 
— (y — X) which induce the isomorphism 

^ : 00 ^ zso(l, 1) (54) 

^(;fsi2(R)) ^;^-o(l,l) 
^(•ysi2(R) _ J^si2(R)) ^ ^iso(l,l) 



^(_^si2(R)) 



Before we contract the representations of the Lie algebra, we give the SHIIR of 
g(— 1) — iso{l, 1) in a different realization which better suits our needs. We define a 
linear isometry r : Ll'°°(R,dx) — > L^'°°((0, oo), ^) by r(/) = / o In. Intertwining 

iso(l 1) 

P(a b) ' with T we obtain the following SHIIR 

:^.o(l,l)-->gZ(L2.oo((o,^),^)) (55) 

-iso(l,l) , ^iso(l,l) . _ _ 1 
P(a,b) ) — 

In fact the representations |fe G K.| exhaust all the SHIIR of iso{l, 1). For 

every n 6 No the map 

(56) 















Pn± 


: 5/2(1 


0- 


°°((0, 


00),-)) 

X 


Pn± 




'^) = 


±ix 






Pn± 


0(-ysi2(R 




—i 


1 1 


d^ 
dx"^ 




4 


1 

X 


-shOS 
Pn± 






d 

2x— 

dx 







is a SHIIR. This realization is known as the Kirillov model and it was recently found 
at [27]. These representations corresponds in the level of the group to the so called 
discrete series representation of S'[/(l, 1) = S'L2(M) . 

For every n e Nq let be the inner product space Ll'°° {{Q , 00) , ^) . For 
m, n G No such that n > m we define the linear transformation ipm.n ■ Vm — ^ Ki to 
be the identity. These functions preserve the inner product and are compatible. 
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Proposition 10 Let e„ — Then p'^^^'^j^^^'' is the strong contraction of the family of 

representations \ {Pn±^\Ve„)\ with respect to the contraction (M) iso{l, 1). 
I- "J ee/2 

proof LetVheLl °°{{0,oo),^). Since the embeddings ipmn are the identity map 
they are obviously compatible and satisfy conditions (j), (ii) and (Hi) in definition [3] 
and also L{f) ~ f for every f{x) e Ll'°^{{0,oo),^). For condition (iv) we observe 
that for f eVa = ic'°°((0, 00), ^) we have: 

lim L(p:'|(«)(t„(iJ^'^W))(/))(a:)= (57) 

n — >-oo 

lim^^p:lW(i„(i7^'^W))(/)(a:) = Jim^x/'(x) = = ^^L{f){x) = 



n >oo 



lim L(p^¥^)(t„(r^'^W - JC^'^W))(/))(:e) = (58) 

n- — )-oo 

lim p:'|(«)(t„(y^'^W -X^'^W))(/)(a;) = 



lim e„(— i ; V ix—^ — ±ix)f{x 

■ Ax dx^ 

Ab ^ -11 (f , , , 1 , , 

lim -^{—i — : \- ix—-^ — ±ix)f{x) = -ib—f{x) 

- -oo n2 ^ Ax dx^ x^ ' 



= -^bU{f){x) = p7±t,J'(V(r^'^W _ X^'^W))i(/)(a;) 
lim i(pS^^'(t„(X^'^W))(/))(:z:) = (59) 

n- — )-oo 

lim p:l<*^(i„(X^'^W))(/)(x)= lim (±*x)/(a;) = ±ja;i(/)(a;) - 

n — >oo n — >oo 

ff'£,^\^{X^'^^''^))Lif)ix) 

The above pointwise limit can be shown to be a uniform limit due to the compactness 
of the support of / and this implies that we also have the desired convergence in norm. 

Contractions of representations of s/2(K) to those of iso{l, 1) were considered be- 
fore for example by Celeghini and Tarlini [9 and by Barut and Fornsdal [7] which 
used different methods. 



6. Discussion 

6.1. Convergence of matrix elements versus convergence of differential operators 

The early work of Inonii and Wigner [2] presented two approaches to contraction of 
Lie algebra representations. In the first they started with a representation of Q which 
was given by differential operators on some function space. Then they deformed the 
representation by conjugating it in a way which is dependent on the contraction pa- 
rameter and leads, under a certain limit, to a representation of Qq. This approach 
was demonstrated in the contraction of the two-dimensional affine Lie algebra to the 
abelian Lie algebra ([2] p. 514-515). In the second approach they started with a se- 
quence of representations of G such that the matrix elements of the sequence converge 
to the matrix elements of some fixed representation of Qq. The contraction of the 
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representations of the Lie algebra of so(3) to those of iso(2) was given as an example 
(0 p. 516-517). 

A question that arises naturally is: Can any contraction of Lie algebra 
representations be realized in both of these approaches ? Since strong contraction of 
Lie algebra representations is a generalization of the first approach, this paper gives the 
answer in the three-dimensional case. As we have shown, in the three-dimensional case 
any SHIIR of the limit Lie algebra, Qq is a contraction of Lie algebra representations 
that can be realized as in the first approach of Inonii and Wigner, i.e., as a (strong) 
contraction of differential operators on some space of functions. As to the method of 
convergence of matrix elements, given a contraction (see definition 4 in the appendix) 
or a strong contraction of Lie algebra representations and compatible (see appendix) 
bases of the representation spaces, by proposition [TJ] in the appendix we obtain also 
a contraction by means of convergence of matrix elements. We emphasize that the 
existence of compatible bases is not assured. We believe that the strong contractions 
of representations that was given here in the cases: 

• iso(2) — > () 

• shiR) f) 

do not have compatible bases and therefore cannot be obtained by the method of 
contraction of matrix elements. 

6.2. The family of emheddings and the realization of the limit space 

In our construction the limit representation space is being realized through pointwise 
limit of functions under a certain family of compatible embeddings. These embcddings 
were implicit in the work of Inonii, Wigner and others but for our construction they 
are crucial ingredients. Moreover, as it is proved in the appendix, such a family of 
compatible embeddings gives rise to a direct limit space. In particular, it follows from 
our work that every SHIIR of the limit three-dimensional Lie algebra is a direct limit 
space. 

The necessity of these embeddings puts some limitations on the realizations of the 
representations that we can use. It turns out that only certain realizations are suitable 
for strong contractions. Occasionally it is very difficult to find these particular real- 
izations. For example in the strong contractions of the discrete series representations 
of sZ2(R) to the irreducible representations of the Poincare groups iso(l, 1) (section 
15.101) we have used the highly non trivial Kirillov model for the discrete series repre- 
sentations of sl2 (R) whose full description was only obtained lately [27] by the second 
author. We have tried several different standard realizations of the discrete series for 
this contraction but the only one that worked was the the realization of the Kirillov 
model. 

Another difficulty is that the same group representation induces more than one repre- 
sentation of the associated Lie algebra. Usually one takes the dense subspace of com- 
pactly supported smooth functions inside the representation space of the Lie group, 
but there are several exceptions. For example in the strong contraction of repre- 
sentations for the contractions iso(2) — > f) and s^2(R) — > f) (sections 15.21 and 15.91 
respectively) instead of working with the subspaces L^'°°([— ^, 7], da;) we have used 
the subspaces iQ'°°([— ^, ^],dx) as representation spaces for iso{2) and sZ2(R)- The 
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fact that all the derivatives of any function in io'°°([— f , f], dx) vanish at ±^ allowed 
us to consider the extension of each function by zero where it was not defined pre- 
viously as an embedding. These maps obviously are not embeddings for the spaces 

Another problem is that in many cases we needed to intertwine our representations 
before contracting them. The intertwiner was dependent on the contraction parameter 
and was difficult to find. For example in section 15.11 the function iye{x) = e~'^ 
served as an intertwiner from the representations of eo on L^°°(M+, ^) to equivalent 
representations on Ll°° (R, dx) . 

6.3. New results 

The strong contractions of representations in the cases: 

• ea — > \) 

• iso(2) — > f) 

• q{X)x^i — > f) 

• 1(A)a^o ^ f) 

• C ¥ f) 

• c-^0(l) 

• shiR) — > () 

are new. Barut and Girardello ^ gave a contraction of the Lie algebra representations 
for 3/2 (IR) — > f) but they contract the discrete series representations of 5^2 (R) while 
we contract the continuous series representations. This scenario seems to be a first 
example for contraction of two inequivalent families of representations of the same Lie 
algebra that contract to the same representation. 

6.4. Related works 

Contraction of Lie algebra representations in which the representations are realized by 
differential operators that act on some functions spaces was considered systematically 
by, e.g., [55J 1221 1301 1311 1321 133] ■ Their main objective was to look at separation of 
variables under contraction. While there are some similarities between their work and 
some examples that we studied, they did not consider the new examples that were 
mentioned in section 6.3. Moreover our work emphasizes the direct limit structure 
including the compatible embeddings and the inner product structure. 
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Appendix A. Contraction of Lie algebra representations as direct limit 

In this appendix we give a definition for contraction of Lie algebra representations in 
terms of direct limit [34]. We discuss the relation between three types of contractions: 
strong contraction, general contraction in terms of direct limit and contraction as 
a limit of matrix elements. The first to consider the question of contraction of Lie 
algebra representations were Inonii and Wigner [2]; they describe, in some particular 
examples, how to build faithful representations of Gq from a family of representations 
of G by some limiting procedure. After the pioneering work of Inonii and Wigner 
there have been several attempts to give a general procedure for the contraction of Lie 
algebras representations e.g ., [H [H 111 [THl [33 [Ml 133 [3H], but up to now there does 
not seem to be a generally accepted definition. All the known examples fit within our 
scheme of contraction of representations using direct limit as explained below. 

Appendix A.l. Direct limit of inner product spaces 

Let / = (/, <) be a totally ordered set. Suppose that for every i ^ I we are given 
an inner product space (V^, (_, and for every i,j G / such that i ~< j we have a 
linear map ipij : Vi — > Vj which preserves the inner product. If, in addition, for every 
i, J, k ^ I such that i ~< j ~< k we have ipik = ^Pjk ° ^ij, and for all « G / fa is the 
identity operator on 1^, we call such a collection of inner product spaces and linear 
maps a directed system of inner product spaces over /. We will call it for short a 
directed system and denote it by {Vi, tpij,!}. Given a directed system {Vi, ipij, /} we 
denote its direct limit by V°° . We will use the following construction of the direct 
limit: let {Vi,ipij,I} be a directed system. Let X be the disjoint union of the Vi 
{X — Ujgj Vi). To indicate that x £ Uie/ belongs to Vi we will write instead 
of X &Vi. We define an equivalence relation on X by: x* ~ if there exists k E I 
such that i < k, j k and ^ik[x'') = (pjk{y^)- We denote the equivalence class of x 
by [x] and the collection of the equivalence classes by V°° = Xj ~. We give a 
structure of inner product space by defining the multiplication of [x*] by a scalar a 
to be \oLx\ the sum of [x^] and \y^\ is defined to be X^ikix^) + fjk{y-')] and the inner 
product < [x*], [y^] > is given by < (pik{x^),'Pjk{y-') >k where fc G / is such that i <k, 
j < k. V°° as constructed here is the direct limit of the directed system {Vi,^pij,I}, 
i.e. 

V'^^]\V,/^ (A.l) 

iei 

We remark that for each i G / we have the natural morphism i^pi : Vi — > V°° which 
sends x to its equivalence class, [x\. This map is obviously linear and preserves the 
inner product and hence it is an embedding of Vi in V°° . The maps {(pijjgj are 
compatible with the directed system in the following sense: For every i,j G / such 
that i ^ j , ipi — (fij o ipij . 

Example 1 Let I be the totally ordered set which is N with the usual order of natural 
numbers. Let {Vi, ifij, /} be the directed system of inner product spaces over L which 
is defined as follows: For every n G N, l^i = C" with the standard inner product. And 
for m < n we have ifmn iixi, X2, Xm)) = (xi, X2, x™, 0, 0, 0). In this case the 
direct limit is the inner product space of all infinite sequences with finite numbers of 
non zero entries and with the standard inner product. 

In terms of the above construction the elements of the direct limit are given by 

[(xi,X2, ...,Xm)] = {(X1,X2, ...,Xm), (X1,X2, ...,Xm,0), (xi,X2, ...,Xm,0, 0), ...} 
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where ^ 0. The inner product 0/ [(xi, 0:2, x^)], [(j/i, •■•j 2/n)] G V°° where 
m < n is given by ([(^i, a;2, [(yi, ^2, 2/n)]) = identify 

[{xi,X2, ■■.,Xm)] with {xi,X2, ...,X„i,0,0, ). 

Appendix A. 2. Contraction as direct limit 

In the case of sequential contraction and a countable ordered set let I2 denote the 
totally ordered set which consists of the natural numbers, N and the usual order of 
natural numbers, i.e. m n ^^=> m < n. 

Definition 4 Suppose Q ^ Qoo- Let {Vi, fij, I2} be a directed system of inner product 
spaces and {{pi,Vi)}^^j^ a sequence of representations of Q. A representation rj : 
Qoo — > gliW) is called a contraction of the sequence of representations {(pi, Vi)},-^^^ 

with respect to the contraction Q ^ Qoo and we denote it by pn rj if 

(i) For every [u™] e V°° , X eU, the limit 

Poo{X)[v"']= hm [p„(i,„(X))(^„„K")] 

n )-oo 

exists 

(ii) There exists a linear invertible transformation K : V°° — > W such that for every 
[v] e V°°, X eU we have Poo{X)[v] = K-^r){X)K{[v]) 

Remark 3. 

• Poo{X)[v"^] does not depend on the representative u™, since if [v'^] — [w™] and m > 

k so = ifkrn{v^) =^ [pn{tt„{X))(p^n{v"')] = [Pn{te„{X))ifmn{iPkrn{v''))] = 

[p„{te„iX))ipkniv'')]. 

• V°° is an inner product space and hence also a metric space so the notion of limit 
of elements of V is defined. 

• The existence of the limit representation rj in the definition is not essential. We 
could demand instead of condition (2) that the mapping X 1 — > Poo{X) will be 
a representation of Qo^ on the space V°° . In practice it is easier to find the 
intertwiner K . 

In the continuous case i.e., when Q Qq and we have a family of representations 
of Q instead of I2, we work with Ii which we define to be the totally ordered set which 
consists of the interval (0, 1] and the order relation -< defined by: x < y x > y. 
Then we have a similar definition to the sequential case in which we change the above 
limit to e — > 0^. Obviously every contraction of a sequence of representations can 
be turned into a contraction of a family of representations. 

We remark that in this paper when we say that p : Q — > ff^(W^) is a representation 
of the Lie algebra Q and is a basis of PF, we mean that every vector w G W can 
be written as a finite linear combination of elements of B and not in the sense of 
a basis of a Hilbert space. Our choice for linear spaces with an algebraic basis i.e., 
every vector is a finite linear combination of the basis elements, is motivated by the 
Harish- Chandra theory of {g, if)-modules j^S] in which the representation spaces have 
this property. We plan to address the question of completion to Hilbert space in a 
future paper where we also deal with contraction of the representations of Lie groups. 
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Proposition 11 In the notations of the definition when pn ^ rj, for every 
[^mjj^fe] g yoo andX eU 

(K],Poo(^)b']) = lim ((^,„„(i;"),p„(te„(X))^fe„(t-'=)) (A.2) 



proof. 

(K],PooWK]) = (K"], lim [p„(t,„(X))^fe„(z;'=)])= (A.3) 
lim (K],[p„(te„(X))(^fe„(i;'=)]) = 

n j-oo 

lim ((/?™„(t;'"),p„(ie„(X))<^fe„(w*-^)) 

where the second equality is true since the inner product is continuous and the last 
equality follows from the definition of the inner product in and the fact that n is 
very large. 

We note that if in addition K is unitary then we have 

{K\v^\^{X)K\v^\)^ = {np^{X)\v^\) ^ (A.4) 

lim (<y9„j„(w™),/9„(ie„(^))'^fe« 

where (_, stands for the inner product on W . 

Proposition 12 Suppose Q Qoc- Let {Vm^Pmmli} be a directed system of inner 
product spaces and {{pn,Vn)}^^j^ a sequence of representations ofQ. Suppose that 
f] ■ Gcxy — > gl(W) representation such that W has a countable orthonormal basis. 
Assume that for every n € I2 there is a linear transformation t„ : Vn — 5- W that 
preserves the inner product, such that: 
(i) For every k <m, Tk ^ t„j o ipf,^^ 

(a) For every w £ W there is some [v™] G V°° , such that t„j(w'") = w 

(iii) For every X eU, [w"'], [v''] G V°° 

^lim^(^,„„(t;™),p„(t,„(X))^fc„(t;'=))„ - (r„(«™), r7(X)rfc(t;'=))^ 

(iv) For every X £ U and every [v™'°] £ V°° 

dimspan^ (J TnPe„iX)(prnoniv"'°) } < 00 

Then (rj,W) is a contraction of the sequence of representations {(pn,^)}„g/2 with 

respect to the contraction Q Qoo- 

proof. Let V°° be the direct limit oi {Vn, (fimn, h}- We define a map K : V°° — > 
W by K{[v"^]) = Tm{v"^). It follows from (i), (ii) and (iii) that K is well defined 
linear isometry. In addition for any X £ U, [w™], [v''] G V°° we have : 

lim {[vn,[p,^it,„{X))^Uv')]) ^ (A.5) 

n >oo 



lim {(pmniv"'),PeAt^„ (X))(/Pfc„ (u'^ ) ) 

\iii\ 
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And since K ^ is an isometry we get 

lim {[v"^l[p,Jt,„{X))^Uv'')]) = {[vn,K-'v{X)K{[v''])) (A.6) 

n >QO 

i.e., {[Pe„{te^{X))(pkn{v'')]} weakly converges to K-'^ri{X)K{[v'']) when n goes to 
infinity. From (iv) and the fact that weak convergence in finite dimensional spaces is 
equivalent to convergence in norm it follows that for every X G U and [v'^] € V°° 
{[Pn{te„{X))(pjnn{v"')]}neN convcrgcs in norm to K-'^r]{X)K{[v"^]) as n goes to in- 
finity. Hence for every [u™] G V°° , X G U the limit poo{X)[v"''] exists and we have 

Poc(^)[w™] = K-'^Tj{X)K{[v"']). So we have proved that p, r/. 

Proposition [T^ actually shows that convergence of matrix elements as it usually 
appears in the context of contraction of representations implies contraction of Lie 
algebra representations according to the given definition in this work. 
A sequence of bases, {B„}^^j^ will be called compatible if for every m > n we have 
^nm{B„) '~= Bm and for each element in these bases condition (iv) of proposition 1121 
holds. 

Proposition 13 If rj : Qac — > gK^) strong contraction of the sequence of 

representations {(/o™, Ki)}„gpf with respect to the contraction Q Qoc then it is also 
a contraction in the sense of definition 

proof. Define a map K from the direct limit V°° to V by K{[f]) — L{f) for every 
[/] G V°° . One can show that K is the desired intertwiner in the sense of definition 2] 

Proposition 14 Let rj : Qoc — > 9^^) strong contraction of the sequence 

of representations {(/3n,K^)}„gN with respect to the contraction Q ^ Gca- For any 
n G N let Bn = {bf\i € where I{n) is some set of indices, be a basis for 

Vn- Suppose that the sequence {Sn}„gpj *s compatible, i.e., for every 6™ G Bm 
<Pmn(&r) = b" e B{n). Then B = {L{b'l)\i G N,i G I{n))} is a basis for V and 
we have the following convergence of matrix elements: for any &™ G B(m), b" G B(n) 
and any X G Uwe have 

^lknJ^„AbT),Pk{t{ek)X)^nk{b])), = {L{bT)MX)L{b-)) (A.7) 

The proof follows from propositions [TT] and [131 
A similar statement for contraction of representations with compatible bases also 
holds. 
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